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Abstract. The finite-size corrections for the anisotropic Heisenberg model in the gap region are
calculated using an exact integraf representation based on the Bethe ansatz equations (Bag). The
energy corrections are determined by saddle-point approximations for states without complex
roots. The case of symmetric states is discussed in greater detail,

1. Introduction

The calculation of finite-size corrections for an exactly integrable model is of interest for
a number of reasons. For critical models the energy corrections are closely related to
important parameters like central charge or operator dimensions and, besides its intrinsic
interest, the treatment of lattice models for finite but large N can give important insights
into finite-size studies for both integrable and non-integrable theories.

In this paper we will study the anisotropic Heisenberg chain (XxZ) in its
antiferromagnetic (non-critical) region; this is an example of an integrable theory with
a gap.

Despite the fact that there is, up to now, no relation between the energy corrections for
the lowest states and physically interesting parameters, it is worthwhile examining them in
detail. We expect the corrections to be more stable compared to the critical region, which
makes use of rather involved techniques like the Wiener—Hopf [1, 2] unnecessary. However,
the calculations for excited states using saddle-point approximations meet several technical
problems that need to be handled with care.

In section 2 we present our definitions, the BAE and their integral representation.
Section 3 deals with the saddle-point approximation for the energy corrections of excited
states. In section 4 the results are obtained for states without complex roots and in greater
detail for the symmetric states present. Our conclusions are contained in section 5.

2. The XXZ model and its BAE
We use the Ha;niltonian

N
=—3 Z(“ixaiﬂ-l +oioly, + dofofi,) + 5NA 1)
=1
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with the parametrization
A = —coshy A< —1. (2.2)
The BAE then takes the form
. . N R
sin(A; + 3iy) Fesin(h; — Ay + iy)
et =~ | =1...p. (2.3)
sin(d; — =iy) g Sin(Ay — A —iy)

|Re(x;)| < =/2 is limited due to periodicity. The energy per site of a state of p magnons
is given by

smh2 P
N) =
EW) Z coshy —cos2i; 24)
Following [3] and [4] we introduce the function
. sin(z + i)
ya) =il -0 .
¢z ) =ilog (sm(z — mr)) @3

with its usual cut structure for non-real z. For a real root A; the BAE can be rewritten in
the form

M
NoGy, 57) =D 60y — A, ¥)+ I (80 — &, ¥) + oGy — B, v)] + 2] (2.6)
k=1 !

where the first sum includes all real roots and the second sum includes all complex pairs.
For large N they assemble into two-strings

E=%i%
the quartets

E =0, ki o Lily — 1) O<te<y
and the wide pairs [3]

£ =0y Liny, Ty > V.
In the thermodynarmic limit N — o¢ system (2.6) can be easily solved when the positions
of the complex roots and holes (generated by ‘unoccupied’ I,) are fixed. The density for
the ground state is

1

o(R) = ol (W) + () + o)+ ow(R] @7

with

Ooni(hi) = hm ié{-
N dA,

1 &8 efm Kk 2K
o3o() = — e _HBg ( k) : 238
2w &~ cosh(my) T 14
The argument of the elliptic modulus k is given by the relation
K'w _ v
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The density correction for the holes is

1 Nk .
on(A) == p(h—6y) (2.10)
T3
with
| 2. cos2mi .
p(k)=5+2n§ezmy+1. : @2.11)
Using
1dl  dz
W= 5= "&f' (2.12)

one can define an analogue of the thermodynamic density on the basis of the counting
function

1 1 &
M=—|sR iy)—= A=A, 2.13
i) = o [¢( ) N;m y)} (2.13)
for finite N. The appropriate limit is provided by equation (2.6).

In [4], exact integral representations have been derived for this density and the energy
E(N):

w2
d 1 1
oN(R) — Oo(A) = — f 2 po.- u){ﬁ PIRITETOES N > 8O - GN(M)}
—xj2 T i=1 h=1
(2.14)
_:r,fz : M 1 N
E(N) — Eo, = —2m sinhy f dx aggc(x)[ﬁ > 80—+ ~ > 5 —6) —~ aN(JL)}
) i=] =1
(2.15)

where E, denotes, as usual, the energy per site calculated in the limit where all finite-size
corrections are disregarded. Also,
M

1
o= EX’+ 5 2 _c(60)- (2.16)
k=1 i
where
£(0h) = 2r0 () @.17)

is the energy contribution of a single hole becoming additive in this limit, and EY° is the
bulk contribution to the ground state.

The complex roots have formally dropped out; however, one has to keep in mind that
their positions influence the real roots and their holes via BAE.

Formulae (2.14) and (2.15) are the starting point of our analysis.

3. The saddle-point approximation

We now consider integrals of the type emerging in equations (2.14) and (2.15):
/2

1 1
Iy = f dr F(A) l:ﬁ ZS(A—M)-}-EZS(AH&)—UN(A)] (3.1)
j=i h=I

—m/2
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with a periodic function f(A + ) = f(A). With the new variable z = zy() one obtains
£ ) 1 M+N;,
Iy = fdzf(l(z)) {ﬁ g;l‘ 5z —z) - 1} (32)
o =

with z; = (¢ + %)/N,k =12,...,M + Ny =.P. After the Fourier expansion of the
§-function

1 M+Nh oD .
7 L Se—w = ) (D (33)
k=1 R=—00
we write
w2 :
1
Iv=- _[ dr f(RMon(R) {ezriNzn(l_iD) +1 + e~ 2wiNzn(A+0) 4 | }
—m/2
wi2
w . .
=Y. f di fFoN (AT (34
=—00
70 =2

In this sum every term can be calculated using a saddle-point approximation for large N
where it is dominated by the solutions of

dzy .
5 =ov® =0 (3.5)
in the complex A-plane.
Tt is, therefore, useful to deform the integration contour in representation (3.4) in the

following way (see figure 1):

po o [ GAFOION QIR [ ) fOJow (e ®
N=T f eiNzv(d) | | - e—2riNzy(A) 4 |
C, ol _.

-+ pole contributions.

(3.6)

(4" )2

Cu ~i /2

Figure 1. The integration contours Cy. and C_ in the complex A-plane.

The integrals on the two vertical lines cancel each other and the pole contributions result
from possible poles in the upper and lower rectangles respectively (see below).
Returning to the a-expressions

Iv=-3 f dr fQ)ay(RetiNam® _ %7 f dr oy (Re~ e ®)
£!=|C*

a=ig
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+ pole contributions - 3.7

we see that for real f(A) the second term is the complex conjugate of the first, which we
will now consider;

- f da F(Roy (n)erriien®) (3.8)

We have shown that the replacement of oy by 0y and zy by Zoo CAlSES an error in I, M. Of
the order &8V with k; = ((1 — £")/k)>.

In 4], mtegral (3.6) has been calculated (after the replacement above) for the ground
state without further approximation, leading to the energy correction

8% N 1
EY(N)— EXF = J_K(k) sinhy —L— 2R {I +0 (E)] . (3.9)

We have repeated the calculations for the ground state using a saddle-point approximation
and quote the main results. The same method will be used below for excited states where
no analytic procedure can be applied.

The solution of 02°(A) =0, that is the stationary points, is given by

Age = 231' + & 31y mod (r, iy) (3.10)
and we introduce )LG = 1y/2:hzr/2 for those points on the contour C,. Also, one has
OT) = In\/_ (3.11)

After applying the standard saddle-point approximation technique [5] we obtain the
asymptotic expansion for N — oco:

rv+1)/2
Ikmz(zmwa)cffm[ P = (=)e+e G12)

with the coefficients @ and a{? defined as

v+1

v — $

agm= L f(x)a:;’“o.)( ' ) . (3.13)
- FEOD-2200) ||

The dominant contribution comes from the term with & = 1, so we will neglect the other
terms with higher .

For the energy from relation (2.15), the result (3.9) follows where the first non-vanishing
correction comes from v = 2. Up to now the pole contributions from equation (3.6) have
been neglected. Using

e2iNzy ()

d 2miNzn (i)
W) Zrmm T = i 3 080 ) (3.14)

and the definition of zx(X) one obtains the BAE poles for all complex roots with Im(§) <
y /2. Their residuals are given by

e2miNzN (V) ) % TNz ()

2w 188, (O’N (k) mﬂ—l dr ON O\-) e2TiNZN (A +1

&
= d
inNf "1ty
4
1

¥ (3.15)
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From the numerator in equation (3.14) we have another type of pole at A = & 4 iy
for all complex & with Im(&, + iy} < y/2, which has residuals ~N~'. Thus, only the
close roots contribute and which for large N group in quartets. The pole contributions in
equation (3.6} are, therefore, given by

1
7 2@~ f&+ir). (3.16)
[¥3

Taking into account the formation of quartets, we are left with the deviations from an exact
quartet structure for finite N. A detailed analysis of those terms can be given only after the
corrections to the higher level BAE have been found. This fact motivates us to restrict our
analysis to states without complex roots.

We now return to equation (3.8) with N = co and consider the first general excited
states. Zoo(A} is no longer equal to z}2°(A) but has corrections corresponding to

1 Nh -
Zoo3) = 2% + m[;mﬁt ~0,) = TI60.~5.) + 60~y
x2
- f (o) + (i) + ow (U@ — 1, V)d,w}- (3.17)

—mf2
With the notation

Ny _
B0 =] 380G~ 60, ) = T80~ £,) + 66~ Eu )
k=1 n {
= [ @+ 0er + 0w = v 0] (.18

-2
we ¢an rewrite (3.8) as

Inag=— f A f(A)00o ()P INEZE MH+ah@) | (y(faly

Cr
=- f da f (e M e, (M) Now® 1 o), (3.19)
s

Thus, this integral can be treated by our former method based on the saddle points of z}2°(A)
using the replacement f(x) — F(r)e** if &' is holomorphic in a region containing C..
Furthermore, ¢(A) now includes terms depending on N which must be included in the
analysis. We have checked that all those requirements are fulfilled.

4. Energy corrections for states with real roots

Motivated by the above analysis, we consider states without complex roots so that holes in
the real root distribution are the only excitations left. We analyse the analytical properties
of o3(A) defined through equations (2.10) and (2.11).

With the definitions
) = e—‘}.y-&-ltl
Za = e-—-Zy—ZIA

g=e 0<lgl <1 @.1)
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we derive

pA) = =1+ g, -1, ~q; q, 21} +2®1(g. —1, —¢: 4. 22)] 4.2)

where 2®;(a;, az, b1; g, ) is the g-analogue of the well known hypergeometric function
2®1 (a1, as, by; z) [6]. We only need the case

2P1(g. -1, ~g5 9, —z) =1 +2Z (4.3)

=]

1+q

The analytic properties of these basic hypergeometric series are found in [7]. It now follows
that oy (A} is a holomorphic function in the region of integration.
Now, we can write down the energy correction

E(N)— Ee =2m sinhy f dA (025 ()) e PNz @)
Cy
h viC '
+w f dL a2 (Mo (PPN D 4 oo+ OGY). (44)
C:

To produce an expression like (3.12) we use (3.13) for the general coefficients. For the
coefficients of the first term in equation (4.4) we obtain

u+l
&SI/Z) = _1__ i (a‘;’j“(l))ze"(") A= kg:
vl dav \/ Z"ac(/\.))

zvac 1y —
:F :F(OO(U) o0 k=\1§

v—i
dv—i A~ AT
T e’“"“( s ) : @5)
Fy FEEGT) — 22 (W)

=).o$

1 v
- (1/2)
- ! Zav
ti=0

/2 are the coefficients for the ground state which have been

=(1/2) __ = ehD a?(}ﬂ)

where in the last line ay
calculated previously. The leading contribution is given by v =2 with &,
and causes a term of order kN/ 2N-32, The analysis of the second term in equation (4.4)
gives a leading behaviour of order &} 2N“S"2 confirming the superficial analysis that these
terms are suppressed by 1/N. Hence,

M @ K™ k'
E(N) ~ Eoo = 2z sinh y 1 (a{e*®) + g ("0))(2—&)3—/2 +cc+0 (Nm)

\/Sk 52 womy . oS 1
- 3o g ahlAg) =l
= K(]c)smhy 3/2{ < gtto +O(N)}. (4.6)

Finally, we calculate e*®). Recalling equation (3.18) we have

Ny
exp(h(1)) = [ [ exp(h(r, 6)) @4.7)
h=1
' 1 /2
(2, 65) = i[qb(x =6 -~ f P~ )¢ — 1) dp«]- 48

/2
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It is straightforward to use a Fourier series expansion:

) 2[m

- ellmly 2%
— — "ﬂ( -31)
h(l’ afl) - lm;m cm (ys }’) ezlmh’ + ] € il
_ | (=1 —emre2mir) m# 0

for A = x +iy. Further, for A = Ay = —n/2 +iy/2 one has
- - . by
B, ) =253(85) — % +i [5 +2F6,) + 2F2(9,,)} 4.10)

with the new functions
o] 1 eZmy )
F (9;,) = ; ;m stmG;,
[=*]

{(—-1)" coshmy .
By =) o 10 2m8y

m=1

oo .

(=™ sinhmy

F = ————c0s2mb. .
3(6x) mE=l w11 méy, @.11)
To our knowledge only F; is related to any known functions [8]:
e ¥sindx )

l+eYcos2x @12

Flx) = -——% arctan (

Thus,
_ _ M /2 Nh Nh
exp(h{Ay)) +explh(Ay)) = 2(=1)""“exp (——i-y expl 2 F5(6;)
k=1

-
xcos | Y-1F100)+ Fai). @13)
h=1
Together with equation (4.6) this gives the final answer to our problem: the leading energy
correction for states with an arbitrary distribution of holes.
Making the result more evident, we consider low excitations (N = 2) and symmetric

states (&) = —&;). The odd functions F; and F> drop out and we are left with the even
function F3(8),0 < 6 £ m/2, which will be analysed below. For these states we have
obtained

NETg AL P 1
E(NY—E,, = WKUC) smhyW 2e7Y exp(dF(@) + 0 (F) } . (4.14)

With the help of formula (4.3), F3(#) can be defined using integrals of basic hypergeometric
series as

2zt 2
1 1
B©) =gfzq>1(q, —1,—Q;Q.Z)dz—"8;;[2%(4.—1."4;4,2)(12
43 0

Z3 24
1 1
+— ®{q,—1,—qg;q.z dz——f &(g,—1,—q;49,z)dz
8Z3fzx(q q:4.%) 82 2P1(g q: 4, %)
4]
7y = —e~Y T

75 = —g~ Y +28
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23 = —e~ V28
74 = —e~3r-28 . _
g=¢e% O<gl <1 (4.15)

Fj is, therefore, analytic as long as {z;| < 1 and y > 0.
For its asymptotic behaviour with respect to y it is easier to use formula (4.11). For
large ¥ one can state that

F3(8) = —1e™" cos 28 + O(e™%). (4.16)

As ¥y = 0 we expect singularities near the phase transition point because of the vanishing
gap; this is where our method of calculation breaks down. We propose the regularization
my — mye *" = B and to expand in a series of B. This yields an asymptotic expansion
of the form

o3 o2
F3®) =) _axy* lim 3 *(~1)"m*~1e=" cos 2md. 4.17)
k=l m=]

For small k the coefficients g, can be determined explicitly [9] and

i 1
F@)=-1y + 7 (m) yE+ 0@, 4.18)

We have numerically calculated the values of the functions F3(9) for different y. The
results are shown in figures 24,

From figures 3 and 4 one can see that /3 is close to its asymptotics except, of course,
for the region ¥ ~ 1. In general, the whole function becomes flatter with increasing y.
Both effects can also be seen from figure 5, where we show 3 as a function of y for fixed
6. Figure 5 also shows that the general structure in the (y—#) plane is rather involved.

With the asymptotics of F5(0) it is a straightforward task to lock at the behaviour of
the energy correction in equation (4.14) for both limits:

2 1 )
E(N)—Eyxn= \/; (2e VN W{I — 2e7Y cos 28 + hoc) for y — o0 (4.19}
and

E(N) = Eo = 42w e ™ 17 2+ hoc} for y = 0. (4.20)

1
W{l —r+ 1 4 cos2¢
Formula (4.20) is only valid for N — 0o so that k] '~ can still be neglected. That is just
what we expect for smaller y; one needs larger and larger N to select the leading term.
Formulae {4.6) and {4.14) can be compared with direct numerical diagonalization of
short chains. To identify the states it is useful to recall the relation between the rapidity of
a hole 8 and its momentum contribution [3]:

2K0G T
=am| —, k|- = 4,21
Pi(®) am[ - ,k} > | @:21)
1 &
Poo= PE*+ = ) pi(6) 4.22)
h=1

which are completely analogous to equations {2.16) and (2.17).
The easiest way to proceed is to use equation (4.14) with 8 = = /2; this gives the energy
correction for the lowest state with §; = 1.
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5. Conclusions
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Figure 5. The function F3(6) as function of y for
y > 0 and fixed values of 8.

We have calculated the finite-size energy corrections for the anisotropic Heisenberg chain
(xx2) in the antiferromagnetic (non-critical) region for weakly excited states. The main
resuft is that this correction is qualitatively of the same value in order of & as for the
ground state. The dependence on the hole parameters can be factorized (formulae (4.6) and
(4.13)) and includes an oscillating and an exponential factor, as well as a general factor
(depending on N,). Both factors are defined using non-elementary functions described by
Fourier series.

We have demonstrated that in the gap region the saddle-point approximation works

well but has to be treated with care. For states with complex roots we cannot exclude the
influence of pole terms; these can be handled only after the corrections to higher level BAE
are calculated.

The corrections arising from the fact that, for finite &, the hole parameters 6, cannot

be fixed arbitrarily but are discrete numbers separated by O(1/N} have not been taken into
account. Due to analycity with respect to &, they produce next-to-leading corrections to
those calculated above.
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